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(i) 


ABSTRACT 


This  thesis  is  devoted  to  the  study  of  Sturm-Liouville 
Boundary  Value  Problems.  In  the  investigation  of  problems  in  this 
area  with  the  thought  of  obtaining  some  new  results,  it  is  important 
to  study  the  nature  of  present  results  as  well  as  the  various  methods 
used  to  prove  these  results.  One  method  which  has  proved  to  be 
successful  in  the  investigation  of  these  problems^and  which  shows 
promise  in  the  further  investigation  of  nonlinear  problems^ consists 
of  a  polar  coordinate  transformation.  Our  primary  objective  here  is 
to  exploit  the  main  features  of  this  method  in  an  attempt  to  extend 
the  theory  as  much  as  possible.  In  some  cases,  results  similar  in 


nature  to  those  for  linear  problems  can  be  obtained  for  a  large  class 


of  nonlinear  problems. 
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CHAPTER  I 


INTRODUCTION 


Boundary  value  problems  involving  a  parameter  have  intrigued 


mathematicians  and  physicists  for  centuries.  One  aspect  of  this  problem 
which  is  of  concern  to  us  here  is  Sturm-Liouville  boundary  value  problems. 
It  is  our  intention  to  present  a  historical  development  of  the  subject 
by  means  of  a  survey  of  known  results  and  to  extend  these  results  as 
much  as  possible  to  a  large  class  of  nonlinear  problems.  We  shall 
consider  second  order  ordinary  differential  equations  of  the  form 


(1.1) 


where  A  is  a  real  parameter,  P  is  a  real-valued  function  of  the 
real  variable  x  defined  in  the  interval  -00<a<_x<_b<+00  and 
F(A,x,y,z)  is  a  real-valued  function  defined  for  arbitrary  (A,x,y,z) 

pi  2 

in  the  region  R  x  La,bJ  *  R  ,  R  denotes  the  real  numbers.  Associated 
with  equation  (1.1)  are  the  following  boundary  conditions: 


(1.2) 


yy (b)  +  6y ' (b)  =  0 


(1.3) 


The  equation  (1.1)  together  with  the  boundary  conditions  (1.2), 
(1.3)  is,  in  general,  a  nonlinear  Sturm-Liouville  boundary  value  problem. 


The  nonlinear  problem  represents  a  relative  new  area  of  research  in 
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which  very  few  results  regarding  the  existence  and  the  nature  of  solutions 
to  such  a  problem  have  been  published.  Our  investigation  is  focused  on 
two  particular  aspects  of  the  problem.  They  are  as  follows: 

(a)  For  what  values  of  the  parameter  A  does  a  solution 

of  the  boundary  value  problem  (1.1),  (1.2),  (1.3)  exist? 

(3)  If  a  solution  does  exist,  how  many  zeros  does  it  have  in 
the  open  interval  (a,b)  ? 

Essentially,  we  shall  be  concerned  with  solving  a  given  boundary  value 
problem  in  the  sense  of  these  formulations. 

Of  considerable  interest  are  linear  Sturm-Liouville  boundary 
value  problems;  that  is,  that  aspect  of  the  more  general  problem  which 
arises  when  equation  (1.1)  is  an  ordinary  linear  differential  equation. 
This  case  has  received  much  attention  in  the  past  and  many  results 
regarding  the  existence  and  the  nature  of  solutions  have  been  published 
for  problems  in  this  area.  The  most  significant  results  of  this  nature 
are  those  published  by  C.  Sturm.  To  a  large  extent,  these  classical 
results  of  C.  Sturm  which  appeared  in  his  memoir  [1]  of  1836,  form  the 
foundation  for  the  entire  subject  of  boundary  value  problems  involving 
a  parameter.  It  is  essential,  therefore,  that  consideration  be  given 
to  these  results  in  any  proper  treatment  of  the  subject. 

The  thesis  appears  in  four  chapters.  Chapter  II  is  devoted  to  a 
survey  of  the  classical  results  of  C.  Sturm  for  second  order  ordinary 
linear  differential  equations.  Subsequent  extensions  of  these  results  by 
various  authors  to  linear  and  nonlinear  problems,  and  a  brief  description 
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of  the  techniques  of  proof  used  are  also  presented.  In  Chapter  III  we 
present  some  results  for  nonlinear  problems  that  are  similar  in  nature 
to  the  results  appearing  in  Chapter  II,  but  are  valid  for  a  much  wider 
class  of  problem.  In  this  respect,  the  theory  presented  is  a  direct 
extension  of  much  of  the  theory  published  to  date  for  problems  in  this 
area.  In  Chapter  IV  we  present  some  examples  to  illustrate  the  theory 
and  results  of  Chapter  III  and  to  give  some  idea  of  the  degree  of  the 
extension  of  these  results  beyond  previous  results. 

We  emphasize  that  we  are  restricting  ourselves  to  those  problems 
for  which  the  so-called  Priifer  technique  is  applicable.  Thus  we  avoid 
turning  point  problems  and  problems  with  complex  parameters. 


i  «.  i;  Jti  x  jsri  -IdoT  ;  j  tlx  -.t  ■  o:  u  i  axnoa  xtnsas-iq 


CHAPTER  II 


GENERAL  SURVEY  OF  RESULTS 


In  this  section  we  shall  consider  second  order  ordinary 
differential  equations  of  the  form 

(P(x)y')  +  F  (A,x,y ,y 1 )  =  0  ,  (2.1) 

the  prime  (')  denotes  differentiation  with  respect  to  x,  A  is  a  real 
parameter  and  x  is  a  real  variable  in  the  interval  -<»<  a  <_  x  <_  b  <  +°°  . 
We  shall  require  that  the  functions  involved  be  real  valued  and  satisfy 
the  following  conditions: 

(A)  P  e  C[a,b]  and  P (x)  >  0  on  [a,b]  . 

(B)  F(A,x,u,v)  is  defined  in  the  region 

D  =  {  (A,x,u,v)  I  -oo  <  A  <  +°°,  a  <  x  <  b,  -°°<u<  +00 , 
o  —  — 

-oo  <  v  <  +00}  and  is  continuous  in  each  of  its  variables 
in  this  region. 

Associated  with  equation  (2.1)  are  the  following  boundary  conditions: 


ay  (a) 

+  3y' (a)  =  0 

2  .2  .  _ 

a  +  3  0 

(2.2) 

yy  (a) 

+  6y '  (b)  =  0 

2  2 

Y  +  6  *  0 

(2.3) 

a,  3/ Y /  <5  £  R  • 

In  some  circumstances  we  can  make  specific  statements  regarding 
the  existence  and  the  nature  of  solutions  to  the  Sturm-Liouville  boundary 


■ 
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value  problem  (2.1),  (2.2),  (2.3).  This  is  especially  true  if  equation 
(2.1)  is  an  ordinary  linear  differential  equation.  Let  us  review  some 
of  the  most  significant  results  for  problems  in  this  area. 

Of  considerable  importance  is  the  case  in  which  F(A,x,y,y')  = 
-0(x,A)y  where  Q  is  a  real-valued  function,  continuous  in  x  for 
fixed  A  and  continuous  in  A  for  fixed  x  in  the  region 
a<_x<_b,  -°°<A<+°°.  Then  equation  (2.1)  becomes 

(P(x)y')'  -  Q(x,A)y  =  0  '  5  (2>4) 

Equations  of  this  type  were  considered  by  C.  Sturm  in  his  paper  [1] 
published  in  1836.  One  of  the  most  fundamental  of  Sturm's  results  is 
the  following: 

THEOREM  2.1:  (Sturm's  Fundamental  Theorem) 

Consider  the  two  equations 


(P1(x)y')  ' 

-  Gx(x)y  =  0 

(2.5) 

(P2(x)y')  ' 

-  G2 (x)y  =  0 

(2.6) 

where  P.  and  G.  ,  i  =  1,2,  are  real-valued  continuous  functions 

l  l 

of  x  in  [a,b].  Suppose  that  either 

(a)  e  >  0  and  e  G^  throughout  [a,b]  and  y^  and 

y2  are  linearly  independent  solutions  of  (2.5)  and  (2.6)  respectively;  or 

(b)  ®  <  P2  —  P1 '  G2  —  G1  '*‘n  ta'k]  such  that  the  identity 

G^  E  G^  =  0  does  not  hold  on  any  subinterval  of  (a,b)  ,  and  y^  and 
y  are  solutions  of  (2.5)  and  (2.6)  respectively.  If  y  has  two 
consecutive  zeros  at  x^  and  x^  in  [a,b]  ,  then  y^  will  vanish 

at  least  once  in  the  interval  (x^x^)  . 


’  ( '  y(x)  r<3) 


-9  J  .  I  ^5  :f  9,  -  voire  .  rf*e  i  n  '■ •"> 


. 
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To  prove  this  theorem,  Sturm  used  the  identity 


C2  '  2 

[P2yiy2  “  Ply2yl-*c  + 


(G1  -  G2)y1y2dx  + 


+ 


(P1  "  p2)yiy2dx  =  0  ’ 


(2.7) 


where  y  and  y  are  solutions  of  (2.5)  and  (2.6)  respectively,  and 

JL  <-« 

and  c2  are  any  two  points  of  [a,b]  .  If  =  P2  the  result 

follows  almost  immediately.  In  the  general  case  when  ^  P2  and 

0  <  P  <  P  ,  Sturm's  proof  is  by  no  means  simple.  A  much  simpler 

^  J. 

method  due  to  Picone  consists  of  replacing  the  equation  (2.7)  by  the 
following  equation: 


f  2  2 

2  2  f 

(pi  -  P2)y;  dx  + 

J  c,  J 

(G1  ■  G2)YldX  + 

c 

2  Y1  2 

P9(yn'  -  y9  x  — )  dx 

c  y2 

C1 


+ 


(P2Yly2 


Piy2yi> 


(2.8) 


from  which  the  result  follows.  (For  details  and  references  see  [4], 
pages  225-6.) 


Several  well  known  results  follow  immediately  from  Stum's 
Fundamental  Theorem.  Of  considerable  interest  to  us  in  our  investigation 
of  the  problem  as  fomulated  above  is  the  first  of  two  results  commonly 
referred  to  as  Sturm' s- Comparison  Theorems. 
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THEOREM  2.2:  (Sturm's  First  Comparison  Theorem) 

Under  the  hypotheses  of  Theorem  2.1,  let  and  y^  be 

solutions  of  (2.5)  and  (2.6)  respectively,  such  that 


yx(a)  = 
y2(a)  =  a2 


y^(a)  = 
y^(a)  =  a'  . 


Furthermore,  suppose  that  the  following  conditions  are  satisfied: 

2  2  2  2 

(i)  a  +  a'  >0  a  +  a'  >  0 

1  J.  Z 

(ii)  If  ^  0  then 


P1(a)a^  P2 (a)  a2 

-  > - (which  implies  ^  0) 

a.  —  a  “2 


(iii)  The  identity  =  0  is  not  satisfied  in  any  sub¬ 


interval  of  (a,b)  . 


Under  the  above  hypotheses,  if  y^  has  m  zeros  in  the  interval  (a,b] 

th 

then  y^  has  at  least  m  zeros  in  the  same  interval  and  the  i 

th 

zero  of  y^  lies  to  the  left  of  the  i  zero  of  y^  ,  i  =  l,2,...,m 

The  proof  of  this  theorem  may  be  found  in  [4],  Section  10.4. 
In  his  original  manuscript,  Sturm  used  equation  (2.7)  and  Theorem  2.1 
to  prove  Theorem  2.2.  Subsequent  proofs  of  Theorem  2.2  used  basically 
the  same  approach.  (See  for  example  [2],  [3]  and  [4].)  An  extremely 
useful  alternate  technique  used  for  proving  this  theorem  was  that 
originated  by  H.  Priifer  [5]  in  which  he  introduced  a  polar  coordinate 
transformation.  This  technique  has  many  advantages  over  other  methods 
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commonly  used  in  the  proof  of  the  theorems  of  this  nature  and 


will  be  the  principle  technique  used  to  prove  the  theorem  of 


Chapter  III. 


These  results  prove  to  be  very  useful  in  the  study  of  boundary 


value  problems.  Consider,  for  example,  the  linear  boundary  value 


problem 


(P(x)y')  -  Q (x, A)y  =  0 


(2.4) 


ay(a)  +  3y' (a)  =  0  a2  +  3^  0 


(2.5) 


yy(b)  +  6y'(b)  =0  y2  +  62  ^  0 


(2.6) 


An  eigenvalue  of  this  problem  is  a  particular  value  of  the  (real) 
parameter  A  for  which  the  problem  has  a  nontrivial  solution.  These 
solutions  are  called  the  eigenfunctions  of  the  problem.  Suppose  that 
Q(x,A)  is  a  real  valued  function,  continuous  in  x  for  fixed  A  and 
continuous  in  A  for  fixed  x  ,  in  the  region  a_<x<_b,  -00  <  A  <  °°. 
Furthermore,  suppose  that  -Q  is  monotonic  increasing  in  A  and  is 
not  identically  zero  for  x  in  any  subinterval  of  (a,b)  and 


lim  -Q  (x.  A)  =  +0° 
A  ■+■  +oo 


lim  -Q  (x ,  A )  =  -oo 
A  ->  -0° 


uniformly  in  the  interval  a  x  <_  b  .  Then  the  following  theorem  is 
valid: 

THEOREM  2.3: 

Under  the  conditions  specified  above,  the  boundary  value 
problem  (2.4),  (2.5),  (2.6)  has  a  countably  infinite  number  of  (real) 


.  d  _>  x  >  s  I*v*sin.:  at  r  .  .  r-o  jw 
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eigenvalues  with  no  finite  accumulation  point.  These  eigenvalues/ which 
we  denote  by  X  ...  ,X  , ... ,  may  be  arranged  in  increasing  order 

of  maginitude  such  that  A^  <  X^  <  . . .  <  A^  <  . . .  .  Furthermore,  any 
eigenfunction  ip  corresponding  to  an  eigenvalue  A^  will  have  exactly 
m  zeros  in  (a,b)  . 

This  theorem  was  proved  by  E.  L.  Ince  [4]  for  the  case  when 
P  =  P(x,A)  is  a  positive  continuous  function  of  x  and  A  in  the 
region  a.  <_  x  <_  b  ,  -°°  <  A  <  +°°  ,  and  is  monotone  decreasing  in  A 
for  fixed  x  in  this  region.  The  proof,  which  appears  in  [4  ]  ,  pages 
232-3,  carries  over  quite  easily. 

While  the  statement  of  Theorem  2.3  by  various  authors  remains 
essentially  the  same,  the  method  of  proof  differs.  The  method  used 
in  the  proofs  given  by  E.  Ince  [4]  and  M.  Bocher  [2]  is  similar  to  that 
of  Sturm,  while  Prufer  [5],  Kamke  [6],  Coddington  and  Levinson  [8], 
and  Hartman  [9]  used  the  polar  coordinate  transformation. 

It  is  easily  verified  that  the  Sturm-Liouville  boundary  value 

problem 

I 

(P  (x)y ' )  +  (Aq  -  r)y  =  0 

with 


ay  (a) 

+  By'  (a)  =  0 

2  2 
a  +  B  ?  0 

yy  (b) 

+  6y ' (b)  =  0 

2  2 

y  +  6  *  o  , 

P,  q,  and  r  are  real -valued  continuous  functions  of  the  variable  x  , 
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is  a  special  case  of  the  problem  (2.4),  (2.2),  (2.3)  when  P,q  >  0 
in  [a,b]  .  The  theorems  that  are  now  known  as  the  oscillation  theorems 
were  first  proved  for  this  system  by  C.  Sturm  [1]  in  1836.  In  his  proofs, 
Sturm  used  the  results  of  Theorem  2.1  and  Theorem  2.2.  Similar  results 
were  obtained  by  various  other  authors  (see  for  example  [3]  and  [4])  , 
using  essentially  the  same  technique,  for  the  cases  when  q  is  positive 
in  [a,b]  and  when  q  changes  sign  in  [a,b]  .  Subsequent  proofs  by 
various  authors  in  recent  years  have  employed  the  polar  coodinate 
transformation.  (See  for  example  [5].) 

The  polar  coordinate  transformation,  or  Priifer  transformation, 
is  a  technique  introduced  by  H.  Priifer  [5]  as  a  method  of  proof  of  the 
theorems  stated  above.  This  approach  proves  to  be  extremely  useful 
in  the  investigation  of  the  problems  formulated  above,  because  it  presents 
a  great  deal  of  insight  into  the  nature  of  the  solutions  to  the  problems. 
It  has  proved  to  be  so  successful  that  almost  every  author  of  a  research 
article  published  since  the  appearance  of  Priifer' s  original  paper  in 
1925,  has  used  this  approach  to  the  problems  in  this  area,  particularly 
in  the  proof  of  the  oscillation  theorems  themselves.  (See  for  example 
[6],  [7]  Sec.  143-150,  [8]  Chapter  8,  and  [9]  Chapter  2.)  We  shall 
use  this  technique  in  the  proof  of  the  theorem  in  Chapter  III. 

Very  few  results  of  the  nature  considered  above  have  been 
obtained  for  nonlinear  problems.  The  major  difficulty  is  the  lack  of 
successful  methods  of  investigation.  In  recent  years,  attempts  have 
been  made  to  examine  the  extent  to  which  one  can  obtain  results  similar 
to  those  above  for  nonlinear  problems,  using  the  technique  introduced 
by  Priifer.  I.  Bihari  [6]  has  had  some  success  in  this  direction.  In 


IW  i 
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1957,  he  published  a  number  of  results  which  are  a  direct  extension 
of  the  above  results  to  the  nonlinear  case.  Some  of  these  results  will 
now  be  presented. 

In  equation  (2.1),  let  F(A,x,y,y')  =  Q(x,A)  f(y,y')  .  Then 
we  obtain  the  second  order  nonlinear  ordinary  differential  equation 
of  the  form 

(P(x)y')  +  Q (x , A)  f  (y ,y ' )  =  0  (2.10) 

with  the  associated  boundary  conditions 


ay  (a) 

+  3y 1 

(a)  =  0 

2  2 
a  +  3  0 

(2.2) 

yy(b) 

+  6y ' 

(b)  =  0 

2  2 

y  +  6  ^  0  . 

(2.3) 

This  problem  was  considered  by  I.  Bihari  in  his  paper  [6]  .  Let  the 
real  valued  functions  involved  satisfy  the  following  conditions: 

(1)  P  e  c[a,b]  and  P(x)  >  0  on  [a,b]  . 

(2)  Q(x,A)  is  continuous  in  each  of  its  variables  x  and 

A  in  the  region  a<_x_<b,  -«<A<+°°.  Further¬ 

more,  Q  is  monotone  increasing  in  A  with 

lim  Q(x,A)  =  +oo  and  lim  Q(x,A)  = 

A  ■+  too  A 

uniformly  in  x  for  x  £  [a,b]  . 

(3)  f(u,v)  is  defined  for  all  real  u  and  v,  and  f 
satisfies  a  Lipschitz  condition  in  (u,v)  in  any  bounded 

1'  U2'  Vl'  V2  a  boun^ed 


region;  that  is,  for  all  u 


'  <"  '  •:  i.'. 
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region  T  ^  R 

If'VV  -  f(VVl  i  K(T){|urU2]  +  I  v1-v2 1  > 

for  some  constant  K(T)  depending  on  T  . 

(4)  f(u,v)  satisfies  the  homogeneity  condition 

f(pu,pv)  =  pf(u,v)  for  all  p  >  0  and  all  u,v  . 

(5)  f(0,v)  =  0  for  all  v  and  uf(u,v)  >  0  for  all 
u  0  and  all  v  . 

Then  the  following  theorem  is  valid: 

THEOREM  2.4:  (Bihari,  [6]) 

Under  the  assumptions  (1)  -  (5)  above,  the  boundary  value  problem 

(2.10),  (2.2),  (2.3)  has  an  infinite  number  of  eigenvalues  forming  a 

monotone  increasing  sequence,  written  A  <  A,  <  ...  <  A  <...  , 

o  1  n 

with  no  finite  accumulation  point.  The  eigenfunctions  corresponding 

to  each  A  have  exactly  m  zeros  in  the  open  interval  (a,b)  , 
m 

m  ““  0  /  • 


The  proof  of  this  theorem  is  very  similar  to  the  proof  of 
Theorem  2.3  as  given  by  E.  Kamke  in  [6]  and  H.  Priifer  in  [5]  .  Essentially, 
the  proof  involves  the  use  of  the  polar  coordinate  transformation. 

One  further  result  which  appears  in  Bihari' s  paper,  is  the 


following : 
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THEOREM  2.5: 


For  x  in  [a,b]  ,  let  P^ ,  and  (v  =  1,2) 

be  real  valued  continuous  functions  of  the  real  variable  x  ,  g(u,v), 
G(u,v),  h  (u,v)  and  H(u,v)  be  real  valued  functions  satisfying  the 
conditions  (3),  (4),  and  (5)  as  for,  the  function  f(u,v)  in  the 
hypotheses  of  Theorem  2.4.  Furthermore,  let 

Q2  -  21  R2  -  R1  P2  =  P1  S2  =  S1  iri  * 

Let  y^  and  z^  (v  =  1,2)  be  solutions  of  the  system 

y'  =  P  (x)  g(y  ,z  )  +  Q  (x)G(y  ,z  ) 

2  v  V  V  V  V  V  V 

z'  =  R  (x)  h(y  ,z  )  +  S  (x)H(y  ,z  )  v  =  1,2 

V  V  J\>  V  V  V  V 

with  either  y^(a)  =  0  or 


Z1  ^ 

y  (a)  ?  0,  y  (a)  ?  0  and  - — 

1  2  v,  (a) 


z2(a) 

y2(a) 


Then  (1)  y^  has  at  least  as  many  zeros  in  [a,b]  as  y^(x)  .  If 

—  th 

x  and  x  are  the  n  zeros  of  y.  and  y^  then 

n  n  J 1  2  2 

x  <  x  ;  moreover  x  <  x  when  the  functions  involved 
n  —  n  n  n 

satisfy  the  condition  (F)  : 


(F)  For  at  least  one  point  in  the  interval  [a,b]  either 
(i)  >  Qi  and  |  R^  |  -t-  |  R2 1  >  0  or 

(ii)  R2  <  Rx 


holds . 
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(2)  if  and  have  the  same  number  of  zeros  in  (a,b) 

and  y  (b)  ^  0  ,  y  (b)  ^  0  and  the  condition  (F)  holds, 
then 

(b)  z2(b) 

yl(b)  >  y2(b) 

This  theorem  is  a  direct  extension  of  the  oscillation  theorems 
for  linear  scalar  equations  to  nonlinear  equations.  The  proof  is  very 
similar  to  that  of  Theorem  2.4. 


CHAPTER  III 


A  NONLINEAR  STURM-LIOUVILLE  PROBLEM 


Consider  the  boundary  value  problem  consisting  of  the  second 
order  ordinary  differential  equation 

h  <p(x)  +  F<x'x'y'  fr>  = 0  f3-1) 

with  the  associated  boundary  conditions 


ay  (a) 

+  $y 1  (a)  =  0 

2  2 
a  +  6  ^  0 

(3.2) 

yy  (b) 

+  6y ' (b)  =  0 

2  2 

Y  +  «  *  .0  / 

(3.3) 

P  (x)  and  F(A,x,u,v)  are  real  valued  functions  for  -0°<a<_x<_b<+00. 

We  shall  refer  to  the  problem  (3.1),  (3.2),  (3.3)  as  the  problem  P  . 

A 

For  our  purposes,  we  shall  assume  that  the  following  conditions 
are  satisfied  by  the  functions  involved: 

(A)  P(x)  >  0  in  [a,b]  and  P  e  C[a,b]  . 

(B)  F(X,x,u,v)  is  defined  in  the  domain 

D  =  {  (A,x,u,v)  I  -oo  <  \  <  +oo  ,  a  <  x  <  b,  -00  <  u  <  +»,  -»  <  v  <  +« 
o  —  — 

_  _  2 

=  R  x  [a,b]  x  r  ,  is  continuous  m  x  for  fixed 

(X,u,v)  in  D  ,  continuous  in  X  for  fixed  (x,u,v) 
o 

in  D  and  is  continuous  in  (u,v)  for  fixed  (A,x)  in 
o 

D  . 
o 


£  >  00- 
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(C)  For  each  fixed  A  ,  F(X,x,u,v)  satisfies  a  Lipschitz 
condition  in  (u,v)  for  all  x  e  [a,b]  and  all  (u,v) 

in  any  bounded  region  of  E  =  {  (u,v)  |  -00  <  u  <  +°°,  <  v  <  +°°} 

that  is  , 

|f(A,x,u1/v1)-F(A,x,u2/v2)  |  <_  Iy  (T)  ( lu1“u2 l  +  l V1_V2 I ^ 

for  all  x  e  [a,b]  and  all  u^,  u2,  and  v-  in 

any  bounded  region  TC  e  ,  L  (T)  is  a  constant  dependent, 

A 

in  general,  on  A  and  T  . 

(D)  (a)  For  each  6  >  0  ,  the  relations 


lim  u  F(A,x,u,v)  =  +00  ,  lim  u  F(A,x,u,v)  =  -00 

A  ->  +°°  A 

hold  uniformly  in  the  region 


=  {  (x,u,v)  |  a<_x<_b  ,  I  u  j  6  ,  -»  <  v  <  +00}  ; 


and 


(b)  u  F (A ,x,u, v)  >0  for  a  sufficiently  large,  u  ^  0  , 

(A,x,u,v)  £  D  ,  and  F(A,x,o,v)  =  0  for  all  (A,x,o,v)  e  D 
o  o 


v  .  2  2 

(E)  For  any  (A,x,u,  y  .  )  £  D  ,  with  /u  +v  0  ,  we  have 

r  IX;  O 


F (A ,x,u, 


v 


P(x) 


)  =  F 


2.  2 


/I  _ 

,x,vu  +v  x 


u  T 

- ,  /u 


2  2 
+v  x 


\ 


f~2  2 

vu  +v 


7*2 .  2 

•  v  u 


P (x) • Vu  +v 


r 2.  2 

Yu 


=  <f>  ( /u  +v  )  *  F  I  A  ,  x , 


u 


v 


/  2  "  2  .  /I  2 

vu  +v  P(x)  vu  +v 


where  <fi(p)  ,  p 


.6 


2  2. 

+v  ,  is  a  continuous  function  of 


p  satisfying  the  relations: 
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(a)  for  p  e  (O,00)  ,  0  <  n  <  <  K  <  +°°  ,  ri  and  K 

—  p  — 

are  real  constants;  and 

(b)  e  C1(0,«)  . 

P 

An  eigenvalue  of  the  problem  P  is  a  value  of  the  parameter 

A 

X  for  which  the  problem  has  a  nontrivial  solution.  The  solution 

is  then  called  an  eigenfunction  of  the  problem.  We  can  state  and  prove 
the  following  theorem: 

THEOREM  3.1: 

Under  the  assumptions  (A) -(E)  specified  above,  the  boundary 

value  problem  P^  has  an  infinite  number  of  eigenvalues,  denoted  by 

X  , X X  ,...,  with  no  finite  accumulation  point.  For  each  eigen- 
o  1  n 

value  X  ,  the  corresponding  eigenfunctions  have  exactly  m  zeros 
m 

in  (a,b) . 

REMARK. 

00 

We  do  not  claim  that  the  sequence  {X^}^  yields  all  eigen¬ 
values,  simply  that  there  exists  a  sequence  of  eigenvalues,  accumulating 
at  +00  . 

PROOF. 

In  equation  (3.1),  let  z  be  defined  as  follows: 

z 

P(x)  ‘ 


z  =  P  (x)y '  , 


y'  = 


.maldcaq  add  lo  rtoxdcm/3  .9  a  n&  -all  io  caiii  el 


saoidonujBsa  sri-’  *  bnU 
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Then  the  problem  becomes 

y'  = 

Y  P(x) 

z'  =  -F ( A ,x ,y ,  -"xy )  (3.4) 

with  the  associated  boundary  conditions 

ay  (a)  +  3  yyy  =  0  a2  +  32  ^  0  (3.5) 

Yy  (h)  +  6  yyy-  =0  y2  +  62  /  0  (3.6) 

The  problem  P,  is  equivalent  to  the  problems  (3.4),  (3.5),  (3.6)  in 

A 

the  sense  that  any  solution  of  one  yields  a  solution  of  the  other,  under 
the  above  transformation. 

Let  us  look  at  the  initial  value  problem  consisting  of  equation 

(3.4)  and  the  initial  condition  (3.5).  The  function  F(A,x,u,v)  is 

continuous  in  the  domain  Dq  and  for  each  A  ,  satisfies  a  Lipschitz 
condition  in  (u,v)  for  all  x  £  [a,b]  and  all  (u,v)  in  any  bounded 
region  of  E  =  {  (u,v)  j  <  u,v  <  +°°}  .  It  follows  from  the  basic 

existence  and  uniqueness  theorems  for  ordinary  differential  equations 
that  for  each  value  of  the  parameter  A  the  initial  value  problem  (3.4), 

(3.5)  possesses  a  unique  vector  solution,  which  we  denote  by  Y(x,A)  = 

=  [y (x,A) ,z (x,A) ]  ,  which  exists  on  a  subinterval  [a,bQ)  c  [a,b] 
and  is  continuous  in  this  subinterval.  (See  [9];  Chapter  2,  page  8.) 
Furthermore,  for  each  A  ,  Y(x,A)  can  be  extended  over  a  right  maximal 
x-interval  of  existence  J  .  (See  [9];  Chapter  2,  Theorem  3.1.)  More¬ 
over,  J  ^  [a,b];  that  is,  the  solution  Y(x,A)  exists  on  all  of 
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[a,b]  .  This  we  shall  now  prove. 

Let  us  assume  that  Y(x,A)  has  a  right  maximal  x-interval 

of  existence  [a,b^)  and  [a,b^)  <z  [a,b]  .  Then  ]y(x,A)|  •>  +00  as 

x  ->■  b^-  (see  [9];  Chapter  2,  Corollary  3.1).  We  shall  show  that  this 

result  contradicts  the  hypotheses  of  our  theorem.  It  is  clear  that 

the  equation  (3.1)  with  y(?)  =  0  =  y' (£)  ,  £  e  [a,b]  ,  possesses  a 

unique  solution  which  exists  on  a  subinterval  of  [a,b]  .  But  y  =  0 

is  a  solution  and,  therefore,  is  the  only  solution.  Consequently, 

since  we  are  concerned  with  nontrivial  solutions,  we  require  that  y 

and  y'  do  not  vanish  simultaneously  in  [a,b]  .  Since  P (x)  >  0 

2  2 

in  [a,b]  ,  this  implies  that  y  +  (P(x)y')  >  0  for  all  x  and  A  , 

a<_x<_b,  -°°  <  A  <  +°°  .  Choosing  the  positive  square  root  of  this 

term  we  obtain 


f~2~ 

/  V  + 


y  +  (P(x)y') 


2  =  A2  2 


y  +  z  >  0 


Consquently,  from  assumption  (E)  above: 


m'x'y'  Tm)  =  F 


/  2.  2  y  /  2."  2  z 

,x,  vy  +z  x  ,  vy  +z  x  - -  ■■ 

f~2  2  .  Hi 

vy  +z  P (x)  vy  +z 


/v2  2 


=  <J>  (  Vy  +z  )  F 


A  ,x, 


/  2  2 
vy  +z 


Z 


P(x) 


/ 


2  2 
y  +z 


l 


But  F(A,x,u,v)  satisfies  a  Lipschitz  condition  in  (u,v)  for  all 
x  e  [a,b]  and  all  (u,v)  in  any  bounded  region  of  E  =  { (u,v) |  -00  <  u,v  <  +“} 
Therefore,  in  any  bounded  region  T  E  , 
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|f(A,x,u,v)  -  F (A,x,u  ,v  ) |  £  (T) { |  u-uj  +  |  v-vj  } 


A 


and 


|F(A,x,u,v)|  <_  L  (T )  {  |  u-u  |  +  |v-v  |}  +  |f(A,x,u  ,v  ) 


o  o 


1  (T) 


for  all  x  e  [a,b]  ,  (u,v)  e  T  ,  L' (T)  is  a  constant  depending  in 

A 

general  on  A  and  T  .  Consequently,  for  each  A  ,  there  exists  a 
constant  C,  such  that 


=  max  {F ( A , x ,u ,  — 


)  I  a<x<b,  I  u  I  <1  ,  |  v  I  <1} 


Let  y  =  min  P(x)  .  Then  using  equation  (3.4),  we  find 
[a,b] 


»  __ 


1  I  I  I  1 1 1 

-  *  z  <  — 

P(X)  1  11  -  y 


z  |  =  —  *  |  z 

y 


z'  I  =  | F  (A ,x,y ,  ^~y)  I 


=  |  <j>  (/y  +  z  )  |  *  |f 


A ,x,y , —  -Y-  ■  ,  - 

2  2  z. 

/y  +z  P  (x)  /y  +z 


2.  2 


2  2 

K  *  (/y  +  z  )  •  C,  (for  K  defined  in  assumption  (E) ) 


£  K  •  C  •  (|y|  + 


Let  C'  =  max  {K  *  C. ,  —  }  .  Then  (since  |y|  +  jz|  ^  0) 

A  Ay 


( I  y  I  +  |z  | )  1  |  y '  |  +  |z'|  <_  •  |z|  +  c  ^  ( |  y  |  + 


£2  *  C^(|y|  +  \z\) 


and  therefore. 
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y|  +  |z|  <_  ( | y ( a)  |  +  J  z  (a)  j )  exp (2C' (x-a) )  in  [a,b]  . 


Consequently  y  +  z  is  bounded  on  [a,b]  ,  which  contradicts  our 


assumption.  Therefore,  for  each  A,  the  initial  value  problems  (3.4), 
(3.5)  possesses  a  unique  solution  Y(x,A)  =  (y,z)  which  is  extendable  to 
the  entire  interval  [a,b]  .  Moreover  Y(x,A)  is  continuous  in  A  for 

fixed  x  in  [a,b]  (see  [9];  Chapter  5,  Theorem  2.1).  The  eigenvalues 
are  those  values  of  A  for  which  the  condition  (3.6)  is  satisfied. 


In  order  to  prove  the  theorem,  it  is  necessary  to  investigate 

the  nature  of  the  function  Y(x,A)  =  (y,z)  ,  the  existence  of  which  was 

proved  above.  To  this  end,  we  introduce  a  polar  coordinate  (Priifer) 

transformation.  Let  the  transformation  T_  :  [^]  -*  [^]  be  defined  as 

2  z  0 

follows : 


y(x,A)  =  p(x,A)  sin  0(x,A) 


z(x,A)  =  p(x,A)  cos  6(x,A) 


Differentiating  each  expression  with  respect  to  x  ,  we  obtain 


y '  =p'  sin  0  +  p cos  0*0'= 


P(x) 


p  *  cos  0 


z'  =  p '  cos  0  -  p sin  0*0'= 


a  p  cos  0  . 
-F  ( A  ,x , p  sin  0  -  ) 


Solving  for  p'  and  0'  we  find 


p'  =  ■  *  p  *  cos  0  *  sin  0  -F  (A ,x,p  sin  0,  P|  ^')  *  cos  0 

f IXJ  F^X^ 


ai  1.  2.  ,  >rtp  cos  0.  -  a 

p  0 '  =  — — -  p  *  cos  0  +  F(A,x,p  sin  0,  r-— 7 — r )  *  sin  0 


P(x) 


P(x) 


.  vo d£>  be  caq 


(A,x)9  aoo  (AyX)q  =  (Ayx)& 
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But  in  terms  of  y  and  y'  we  have 


p  =  p  cos  0  +  p  sin  0  =  y  +  z 


=  y2  +  (P (x)y ' ) 2 


and  as  we  are  concerned  with  nontrivial  solutions  we  require  that  y  and 

_  .  2 

y'  do  not  vanish  simultaneously  on  [a,b]  .  Consequently,  p  >0  for 
all  x  £  [a,b]  ,  -°°  <  A  <  +°°  .  Choosing  the  positive  square  root  of  this 
term,  we  have  p(x,A)  >  0  for  x  e  [a,b]  ,  -  °°  <  A  <  +°°  .  But  y  =  p  sin  0 
so  that  y  vanishes  at  precisely  those  values  of  x  and  A  for  which 
0(x,A)  =  kir  ,  k  any  integer.  The  significance  of  this  result  will 
become  obvious  later. 


Using  the  above  results,  the  equations  (3.5),  (3.6)  become 


the  following: 


a  sin  0  (a)  ■+* 


3  cos  0(a) 

P  (a) 


2  2 

a  +  8  *  0  , 


y  sin  0(b)  + 


6  cos  0 (b) 
P(b) 


2  2 

y  +  6  ji  0  . 


In  this  manner,  we  arrive  at  the  following  system: 


p'  =  p  [p  ^  *  cos  0  ’  sin  0  -  F(A,x,sin  0,  ~p-yxy  )  *  ~~  *  cos  0]  ,  (3.7) 


0' 


(3.8) 


with  the  associated  boundary  conditions 
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0 (a, A)  =  Arctan 


P(a)  • 


2  2 

a  +  e  ^  0  , 


(3.9a) 


0(b,A)  =  Arctan  (- 


6 


P(b)  •  y 


Arctan 


2  2 
y  +  6  ^  0 


n  an  integer  ,  (3.9b) 


where  we  have  used  the  term  "arctan  0"  to  denote  that  branch  of  arctan 
(discontinuous  at  0  =  0)  satisfying  0  _<_  Arctan  <  tt  .  It  is  important 
to  note  that  the  boundary  conditions  (3.9a)  and  (3.9b)  are  independent 
of  the  quantity  p  and  therefore  the  condition  specified  for  p  at 
x  =  a  may  be  any  arbitrary  positive  number. 


The  problem  (3.7),  (3.8),  (3.9)  is  equivalent  to  the  problem 


(3.4),  (3.5),  (3.6)  and,  consequently,  is  equivalent  to  the  problem  P 

A 


in  the  sense  that  any  nontrivial  solution  of  one  yields  a  solution  to 
the  other,  under  the  appropriate  transformations. 

Let  us  look  at  the  initial  value  problem  consisting  of  equations 

(3.7),  (3.8)  and  the  initial  condition  (3.9a)  with  p(a,A)  =  p  >  0  . 

a 

It  is  obvious  from  the  above  remarks  and  from  our  remarks  regarding  the 
initial  value  problem  (3.4),  (3.5),  that  this  initial  value  problem 
(3.7),  (3.8),  (3.9a)  with  p(a,A)  =  p  >  0  ,  possesses  a  unique 

Si 

solution,  which  we  denote  by  Z(x,A)  =  (p,0)  ,  which  is  continuous  in 
A  for  fixed  x  and  continuous  in  x  for  fixed  A  .  Moreover,  for 
each  value  of  A  ,  the  solution  exists  over  the  entire  interval  [a,b]  . 
The  eigenvalues  are  those  values  of  A,  which  we  denote  by  {A_.},  for 
which  the  condition  (3.9b)  is  satisfied.  Furthermore,  if  A.  is  an 
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solution,  that  is,  an  eigenfunction,  of  the  problem  (3.7),  (3.8),  (3.9) 
and  as  we  have  already  observed,  yields  a  solution  to  the  problem  . 

From  these  remarks,  it  is  obvious  that  the  proof  of  the  theorem 
is  centered  on  the  investigation  of  the  0-equation.  It  happens  that  we 
can  carry  out  this  investigation  of  the  0-equation,  more  or  less  dis¬ 
regarding  the  p -equation  entirely  as  we  shall  see  below. 

We  shall  prove  the  following  results  regarding  the  function 

0 (x, A)  : 

(1)  0(c,A)  -*  0  as  A  -*  -00  , 

(2)  0  ( c ,  A )  ->  +00  as  A  ->  +°°  , 

for  any  c  e  (a,b]  .  In  order  to  preserve  the  continuity  of  our  proof 

of  the  theorem,  we  shall  prove  these  assertions  later  as  lemmas.  From 

these  assertions,  the  remainder  of  the  proof  of  the  theorem  follows; 

for  when  c  =  b  ,  0(b,A)  assumes  all  values  in  the  range  (o,00)  since 

0  is  continuous  in  A  for  fixed  x  e  [a,b]  .  Thus,  there  exists 

at  least  one  value  of  A  ,  one  of  which  we  denote  by  A  ,  for  which 

o 

the  condition  (3.9b)  is  satisfied  and  0  <  0(b,A  )  <  tt  .  In  general, 

o  — 

there  exists  at  least  one  value  of  the  parameter  A  ,  one  of  which 

we  denote  by  A^  ,  for  which  the  condition  (3.9b)  is  satisfied  and 

nTT  <  0(b,A  )  =  0(b,A  )  +  mr  £  (n+l)iT  ,  n  =  0,1,2,...  .  (See 
n  o  — 

Figure  3.1).  Then  the  vector  function  Z(x,A  )  =  (p(x,A  ),0(x,A  )) 

n  n  n 

is  a  solution  to  the  problem  P  .  In  this  manner,  we  obtain  a  sequence 

A 

of  eigenfunctions,  which  we  denote  by  ,  ip.  ,  ,  .  . .  ,  ,  .  . .  , 

o  1  2  n 

associated  with  the  problem  P.  .  These  eigenfunctions  for  the  problem 


moXdbsq  sett  So  ^ncc^ov  i  oh  ft*  tai  Jnd~  *noi;H/Io8 

* 
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P 


A 


are  given  by 


ip  (x)  =  y(x,A  )  =  p  (x , A  )  sin  9(x,A  )  ,  n  =  0,1,2,... 
n  n  n  n 


Finally,  if  A^  is  one  of  these  eigenvalues  and  0(x,A^) 

is  a  solution  of  (3.7),  (3.8),  (3.9),  it  follows  from  our  choice  of 

A  that  0  <  0(a,A  )  <  tt  and  nu  <  0(b,A  )  <  (n+l)TT  .  Moreover, 
n  —  n  n  — 

since  0(x,A  )  is  continuous  in  a  <  x  <  b  ,  the  function  0(x,A  ) 
n  —  —  n 

must  assume  all  values  in  the  range  (0,(n+l)Tr)  ,  and  there  exists 

a  sequence  {x,  e  (a,b)  for  which  0  (x,  ,  A  )  =  kir  ,  k  =  l,2,...,n  . 

k  1  k  n 

Furthermore,  there  can  be  no  more  than  n  of  these,  since  at  9  =  kiT  , 

0'  >  0  and  0  is  strictly  increasing  at  these  points.  (See  Figure  3.1.) 


0 

(n+1)  tt - 


/I 


0  (b ,  A  ) 
n 


Figure  3.1 


But  this  implies  that  sin  0(x,A  )  vanishes  at  exactly  these  points, 

n 

which  implies  that  the  corresponding  eigenfunction  cf>n(x)  =  y(x>^n) 
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also  vanishes  at  exactly  these  points.  Thus,  <f>  (x)  has  exactly  n 

n 

zeros  in  the  interval  (a,b) ,  for  n  any  non-negative  integer. 

We  now  prove  the  assertions  (1)  and  (2)  above  in  the  form 
of  two  lemmas. 


LEMMA  1 :  For  a  fixed  c  s  (a,b]  ,  0(x,A)  ->  0  as  A  -*  -00  . 


PROOF:  Let  c  be  any  arbitrary  fixed  point  in  (a,b]  and  define 


y  =  inf  P (x) 
[a,b] 


Then  0  <  y  <_  P  (x)  and  0  <  p- <_  —  in  [a,b]  .  Initially  we  have 


0  <  0(a,A)  <  7T  for  all  A  . 


Choose  an  arbitrarily  small  positive  quantity  6  such  that 


0  (a,  A)  <  tt  -  6 


For  0  e  [6,  tt— 6 ]  , 

sin  0  >_  sin  6  =  6*  >0,  cos  0  <_  cos  6  <  1 
and  y  =  p  sin  0  >_  p  sin  6  >  0  .  By  the  hypotheses  of  the  theorem, 

uF  (A  ,x,u,  v)  as  A  -*■ 

uniformly  in  the  region  {(x,u,v)|a<_x<_b,  |u|  >_  6'  ,  -°°  <  v  <  +»■} 
Then  for  any  positive  number  M,  there  exists  a  A  <  0  such  that 


uF(A,x,u,v)  <  -M 


(V*Xi,X*A)'aD 
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for  all  A  <  A w  ,  a  <  x  <  b  ,  I  u  I  >  6 '  ,  -°°  <  v  <  +00  .  In  particular, 

M  —  —  11 

let 


M 


tt  +  (c-a) 


2. 
COS  o 


K 


(c-a) 


6 1  =  sin  6 


where  K  is  defined  in  Assumption  (E) .  Then  for  A<A  <0,a<x<b, 

M  —  — 

6  <  9  <  tt — 6  we  find 


0'  = 


P(x) 


2a  ,  ...  .  _  cos 

cos  0  +  F(A,x,  sin  0, 


P(x) 


<P  (P) 


sin  0 


^  1  2r  ,  ..  •  r\  cos  0 

•  cos  6  +  F  ( A  ,x ,  sin  0,  — py^ 


1  2  r 
<  —  cos  6  - 
U 


ir  +  (c-a)  * 


COS  0 


K  •  (c-a) 


1  2r 

—  COS  0 

u 


TT  1  2. 

-  —  COS  6 

c-a  y 


TT 


c-a 


K  •  sin  0 


K 


But  if  0'  <  -  -  for  all  x  e  [a,b]  ,  A<A  <0  and  0  in  the 

c-a  M 

region  0  <  6  <_  0  <_  tt — 6  ,  it  follows  that  0(x^,A)  =  6  for  some 
x £  (a,c)  (see  Figure  3.2).  However,  when  0=6,  0'  <  0  from 

the  inequality  above  and  hence 


0(x,A)  <  6  for  all  x  >  x^ 

Consequently,  0(x,A)  <  6  for  -A  sufficiently  large.  Since  6 
was  chosen  arbitrarily  small,  this  implies 

0  (x, A)  -*  0  as  A  -*  -°°  • 


I  200 
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0 


7T 


slope  =  -  (Tt/c-a) 


0 (a, X) 


0(x,A)  for  -A  sufficiently  large 


a 


c 


Figure  3.2 


LEMMA  2:  For  fixed  c  e  (a,b]  ,  0(c,A)  ->  +°°  as  A  ■>  +°°  . 

PROOF:  Let  c  be  any  fixed  point  in  the  interval  (a,b]  .  We  will 

prove  that  for  sufficiently  small  6  >  0,  0(c,A)  >_  tt+6  for  A 

sufficiently  large.  We  will  then  use  induction  to  show  that  for  any 
fixed  n  e  N  ,  0(c,A)  >  n7T+6  for  all  A  sufficiently  large. 


If  P  =  max  *  P  (x)  ,  then 

a  <  x  <  b 


1 


1 

P 


>  0  for  all  x  e  [a,b] 


> 


P(x) 


Initially  we  have  0  <_  0(a,A)  <  it  .  Let  <$  be  an  arbitrarily  small 
but  fixed  positive  number  such  that 


*  ,  1 
cos  o  >  — 


is  iol  : 


. 
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By  hypothesis  D(b)  ,  for  all  A  sufficiently  large  we  have 


F (A ,x, 


sin  0 , 


cos  6 
P(x) 


»(P) 

P 


sin  0  >  0 


for  all  0  +°°)  ,  p  e  (O,00)  ,  x  e  [a,b]  .  Then  for  A  sufficiently 

large,  x  e  [a,b]  ,  and  0  in  the  interval  0  <  0  <  6  ,  we  find 


0'  =  r-rV  *  cos20  +  F(A,x,  sin  0,  )  *  ~~~  *  sin  0 


P(x) 


P  (x) 


1  2a  1  2  „ 

-  FTxT  cos  6  -  p  ‘  cos  6 


>  4P-  >  2  *  6 1  1 


Q  —  ^ 

It  follows  that  0(x^,A)  =  6  for  some  x^  e  (a, a  +  )  . 

Since  0'  >  0  at  this  point,  0(x,A)  >  6  for  all  x  >  x^  ,  for  A 
sufficiently  large.  (See  Figure  3.3.) 


Let 


c^  =  a  +  (c-a)  t  3 
c2  =  a  +  2  •  (c-a)  *  3 

Then  our  result  above  states  that  0(c^,A)  >  6  for  A  sufficiently 
large  and,  therefore,  0  attains  the  value  6  in  the  interval  (a,c^) 
for  sufficiently  large  A  . 


io*  0  <  Us  ..O)  0 
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0 


Figure  3.3 

We  shall  now  show  that  ©(c^A)  >  tt — 6  for  A  sufficiently 
large.  For  0  in  the  interval  0  <  6  <_  0  <_  rr-6  ,  sin  0  >  sin  6  >  0 
and  y  =  p  sin  0  >_  p  sin  6  >  0  .  But  from  hypothesis  D(a)  , 

uF(A,x,u,v)  -*  +°°  as  A  -*•  +°° 

uniformly  in  the  region  ,  =  { (x,u,v) |  a  <  x  <  b  ,  | u |  >_  6 1  , 

-oo  <  v  <  +oo}  .  Therefore,  if  M  is  an  arbitrarily  large  positive 
number,  there  exists  a  A^  sufficiently  large  such  that 

uF(A,x,u,v)  >  M  for  all  A  >  A„  >  0 

M 

and  (x,u,v)  in  the  region  ,  specified  above.  In  particular,  let 

C“”cl  “1 

M  =  tt  •  [  (-J-)  *  n]  and  6'  =  sin  6  ,  where  n  is  defined  in 

Assumption  (E)  .  Then  for  all  A  sufficiently  large,  0  in  the 
interval  0  <  6  <  0  <  tt  —  6  ,  it  follows  that 
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F ( A ,x ,  sin  0,  )  *  sin  6  >  tt  •  [  (-^~)  *  n]  1 


for  all  x  e  [a,b]  .  Moreover,  in  this  region 


6'  =  P^7  COs20  +  F(A'x'sin  0'  *  sin  0 


>_  F(A,x,sin  0,  ^  ■  *  sin  0 


^  r  ,c-a.  -I  -1 

>  tt  •  [  ("Y")  *  n]  •  n 


w  ...  /C-av 

-  TT  .  (  3  )  . 


Thus,  for  0  in  the  interval  0  <  6  <_  0  <_  tt — 6  ,  we  have  0'  (x,A)  >  tt  t 

for  all  x  e  [a,b]  ,  for  all  A  sufficiently  large.  But  0(x^,A)  =  6 

for  some  x^  e  (a,^)  c;  (a,c2)  ,  A  sufficiently  large.  It  follows 

that  0(x2,A)  =  tt— 6  for  some  x^  e  (a,c2)  and,  moreover,  0'(x2,A)  >  0 

for  A  sufficiently  large.  (See  Figure  3.4.)  Then  0(x,A)  >  tt— 6 
for  x  >  x2  ;  in  particular,  0(c2,A)  >  tt— 6  for  A  sufficiently 

large . 


0 


Figure  3.4 


.!-  ■  6 1  V  jH:-1  '  it  *L 


ni 
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We  will  now  prove  that  0(c,A)  >  tt+6  for  A  sufficiently 
large.  From  Assumption  D (b)  , 


uF(A,x,u,v)  >  0 


for  A  sufficiently  large  and  (Afx,u,v)  in  the  region  .  Therefore, 


for  0  in  the  interval  tt — 6  <  0  <  tt+6 


we  find  cos  0  <  -cos  6  <  0 


and 


0'  = 


1  . 


P(x) 


cos20  +  F ( A ,x,  sin  0,  f •  sin  0 


P(x) 


1  2. 

>  cos  0 

-  P(x) 


1  2q  1 
>  —  cos  0  >  — 
—  P  4P 


>  26  x  (^) 


for  all  x  e  [a,b]  and  all  A  sufficiently  large.  But  0(x  ,A)  =  tt-6 

for  some  x ^  e  ( a,c if  A  is  sufficiently  large.  This  fact  and 

the  inequality  above  imply  that  0(x3,A)  =  tt+6  for  some  x^  e  (a,c)  , 

A  sufficiently  large.  Moreover  Q' (x^,X)  >  0  ,  hence  0(x,A)  >  tt+6 
for  x  >  x^  .  (See  Figure  3.5.)  In  particular,  0(c,A)  >  tt+6  for 
A  sufficiently  large. 


Figure  3.5 


< 


(K)q  - 

.ap^isl  'iUnalort'&sa  si 


(.a.£  eii/pi  i  992) 
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Proceeding  to  set  up  our  induction  hypothesis,  for  any 
d  e  (a,b]  and  any  sufficiently  small  positive  number  <5  ,  suppose 
there  exists  a  Aq  sufficiently  large  such  that  for  a  positive  integer 
n  , 

0(d,A)  >  nff  +  5  for  A  >  A 

o 

We  will  prove  that  for  any  point  c  e  (a,b]  and  sufficiently  small 
positive  6  ,  0(c,A)  >  (n+l)ir+6  for  all  A  sufficiently  large. 

,To  this  end,  let  c  be  any  arbitrary  but  fixed  point  in  the 
interval  (a,b]  ,  and  define  ci,C2  as  ^°^ows: 

c1  =  a  +  (c-a)  v  3 

c  =  a  +  2  *  (c-a)  *  3 

Choose  6  >  0  such  that 

0  <  6  <  (c-a)  t  (24P)  ,  cos  6  >  -j 

Then  for  such  6  sufficiently  small,  it  follows  from  our  induction 
hypothesis  that 

0  (c1 ,  A)  >  nTT  +  6 

for  all  A  sufficiently  large.  Moreover,  for  each  such  A  , 

0(x^,A)  =  n-rr+iS  for  some  x1  e  (a^^^)  .  For  0  in  the  interval 

nTT+6  <  0  <  (n+l)7T-6  ,  |sin  0|  >_  sin  6  >0  .  But  from  Assumption  D(a)  , 

uF(A,x,u,v)  ->•  +00  as  A  +°°  , 


4 


e  t  (j  ^d)  ^  o 
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uniformly  in  the  region  ,  =  {  (x,u,v)  |  a  <  x  <  b  ,  |  u  |  _>  6 '  >  0  , 

-oo  <  v  <  +°° }  .  Then  for  6'  =  sin  6  >0  ,  there  exists  a  A^ 
sufficiently  large  such  that  for  A  >  A^ 


F(A,x,sin  0, 


cos  6 
P(x) 


sin  0  >  7T  •  [  •  n] 


in  the  domain  ,  .  Then,  in  this  domain, 


0'  =  — y—  cos^0  +  F(A,x,sin  0,  *  ~P~  •  sin  0 

P(x)  P(x)  p 


>  F(A,x,sin  0,  ~S;  ■?■)  •  n  *  sin  0 
—  P  (x) 


.  /C_ax 


Cj—  ^ 

that  is,  for  0  in  the  interval  [nTr+6,  (n+l)TT-6]  ,  0'  (x,A)  >  tt  t  (  --■■) 

for  all  x  e  [a,b]  ,  A  sufficiently  large.  But  for  each  A  sufficiently 
large,  0(x^,A)  =  n7r+6  for  some  x^  e  (a,c^)  <=  (a,^)  .  It  follows 
from  these  facts  that  for  each  A  sufficiently  large 


0(x  ,A)  =  (n+1)  tt— 0 

for  some  e  (a,c2)  .  Moreover,  0'(x  ,A)  >  0  and  hence 

0(x,A)  >  (n+l)Ti-6 

for  x  >  x2  ,  A  sufficiently  large.  (See  Figure  3.6.)  In  particular 

0  (c2  ,  A )  >  (n+1)  tt— 6 


for  A  sufficiently  large. 


H 
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I  COS  0  I 

for  A 
region  , 


6(x,A)  for  A  sufficiently  large 


a  X;L  C;l  x2 


C2  C 


Figure  3.6 

Finally,  for  0  in  the  range  (n+l)7i-6  <_6  <_  (n+l)7r+6  , 
>  cos  6  >  0  .  Moreover,  in  this  range 


.  .  cos  0. 

F(A,x,sin  0,  — — ; — r)  *  sm  0  >_  0 

*  \  x ) 


sufficiently  large,  x  e  [a,b]  .  Consequently,  in  this 


0'  =  —7—  cos  20  +  F(A,x,sin  0,  ^  •  sin  0 

P(x)  P(x)  p 


1  2n 

>  — r  cos  “ 
-  P(x) 

__1 

>  4P 


>  26  V  <^)  . 


t  riBS  '  -  ».  1  tro?  ,Y-: 
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That  is,  for  0  in  the  region  (n+l)7T-6  <_  0  <_  (n+l)TT+6  , 

0'  (X,A)  >  26  i 

for  x  e  [a,b]  and  all  A  sufficiently  large.  But  for  each  A 
sufficiently  large,  B  (x^,X)  =  (n+l)iT-6  for  some  e  ( a,c •  It 

follows  that  for  each  A  sufficiently  large,  there  exists  x^  e  (a,c) 
such  that 

0(x^,A)  =  (n+l)7r+6 

and  clearly  0'  (x^,A)  >  0  .  Consequently,  for  x  >  x^  ,  0(x,A)  >  (n+l)TT+<5 
for  such  A  .  (See  Figure  3.7.)  In  particular,  0  (c, A)  >  (n+1) tt+6 
for  all  A  sufficiently  large. 

From  these  results,  it  follows  that  for  arbitrary  but  fixed 
c  e  (a,b]  and  any  positive  integer  n  ,  0(c,A)  >  nTr  for  A 

sufficiently  large.  But  this  implies 

0  (  c,  A)  +00  as  A  -*  +°° 

and  hence,  the  lemma  is  proved. 


for  A  sufficiently  large 
slope  =  26  t  (~^-) 


Figure  3.7 


(cU*)  3  O 


CHAPTER  IV 


AN  EXAMPLE 


For  purposes  of  illustration,  we  present  an  example  of  a  non¬ 
linear  Sturm-Liouville  boundary  value  problem  which  satisfies  the 
conditions  of  Theorem  3.1,  but  which  is  not  covered  by  the  results 
published  to  date.  Consider  the  case  when 


P(x)  =  1,  F(X,x,y,y') 


Xy  exp( 


-y2+  (y‘)2-i 

y2+(y')2+l 


•)  . 


Then  the  problem  (4.1),  (4.2),  (4.3)  becomes  the  following: 


y"  +  Xy  exp  „  0 

y  t  <y  * )  +1 


(4.1) 


with  the  associated  boundary  conditions 


ay  (a) 

+  By' (a)  =  0 

a2  +  62  fi  0 

(4.2) 

YY  (b) 

+  6y' (b)  =  0 

Y2  +  62  +  0 

(4.3) 

for  -°°<a<1x<_b<+00.  Let  us  verify  that  the  conditions  (A) -(E) 
of  the  hypotheses  of  Theorem  3.1  are  satisfied. 

(A) -(B)  It  is  obvious  that  the  conditions  (A)  and  (B)  are  satisfied. 

(C)  It  is  required  to  prove  that  F(X,x,u,v)  satisfies 
a  Lipschitz  condition  in  (u,v)  for  all  x  e  [a,b]  , 


(  r)  -(a)  jiJil  j  i  j  $  y!  if  ..  ..«»+>  d  >  x  >,  >  >5 
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and  all  (u,v)  in  any  bounded  region  T  R  ;  that  is 

if  (u^,v^)  and  (u2,v  )  are  an^  bounded  region 
2 

T  R  then 


F  (A ,x,u1,v1) -F (X ,x,u2 ,v2)  |  <_  L  (T)  ( |u--u  |  +  I v1“v2 | ) 


for  all  x  £  [a,b]  ,  L  (T)  a  constant  depending  in 

A 

general  on  A  and  T  .  But  from  the  mean  value  theorem 

for  functions  of  several  variables,  for  fixed  (A,x) 

and  u. ,  v.  u.  and  v_  in  the  region  D  , 

112  2  o 

8F 

F  (A  ,x,u2,v2)-F(A,x,u1,v1)  =—  (A,x,£,U))  (u2~u^)  + 


+  |^-  (A,x,5,u) (v2-vi)  ' 


where  (£,w)  is  between  '  ^U2,V2^  *  T^en 


2  .  .2  n 

3F  3  ,  U  +(V1)  -1  , 

—  =  -  (A  u  exp  (-  2-  ■,-)) 

u  +  (v  )  +1 


2  2 

,  ,  U  +V  -1  x  f, 

=  A  exp  ( - - — - —  )  *  {1  - 

u  +v  +1 


4u 


,2  2  2 

(u  +v  +1) 


i  3F  i 

and  —  <  3.e.  A  for  each  (A,x,u,v)  e  D 

a  U  —  O 


Furthermore 


3F  3  ,  u2+v2-l  xx 

(A  u  exp  (-  "2  2  )) 

u  +v  +1 


2  2  2  2  2  2 
,  ,  u  +v  -1  .  (u  +v  +l)2v-(u  +v  -l)2v. 

'A  u  .  exp  ( - - — - —  )  x  ( - —  ■  -j; - - - - — >-) 


2  2  , 
u  +v  +1 


2  2  2 
(u  +v  +1) 


2  2 

4  uv  .  u  +v  -1  . 

V  exp  (-  — — ) 


,2  2  ,  .  2 

(u  +v  +1) 


2  2  , 
u  +v  +1 


' 


u6 
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3  F 

and  j  — I  <  4 . e  .  I  X  I  for  each  (A,x,u,v)  e  D 
'  d  v '  —  o 


Consequently,  for  each  fixed  A 


3F 

|f(A,x,u  ,v  )-F(A,x,u  ,v  )  |  <  max  |  — |  *  (|u2“u1|) 

D 

o 


+  max 


3Fi  . 
8u ' 


v  -v 
2  1 


<  3. 


e.  ( lu2“ui |)+4*e. | A | . ( ) 


<  4 .  e 


u  — u  +  v  -v 
2  l1  1  2  1 


for  all  x  e  [a,b]  .  Accordingly,  for  each  A  ,  F 
satisfies  a  Lipschitz  condition  in  (u,v)  for  all 

r 

x  e  [a,b]  and  all  (u,v)  in  any  bounded  region  T  c:  R 


(D)  For  any  6  >  0  ,  in  the  region 


=  {  (x,u,v)  |  a  <  x  <  b,  |u)>_6,  -°°<v<  +00} 


we  have 


2  2+  2 

lim  uF(A,x,u,v)  =  lim  (A.u  .exp  (-  — —  ) 


A  -*  +°° 


A  -*  +°° 


2  2  , 
u  +v  +1 


>_  lim  A.62.e  ^ 
A  -*  » 


=  +00 


and 
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(E) 


lim  uF(A,x,u,v) 
A 


lim 
A  -* 


0  2  2  , 

%  2  .  u  +v  -1 

A.u  . exp  ( — - — 

u  +v  +1 


) 


<_  lim 
A  -*■  +°° 


-A 


-1 


e 


uniformly  in  the  region  . 


Furthermore , 

2  2  2 

uF(A,x,u,v)  =  A.u  .exp(-  — - — - — )  >  0  for  all  A  >  0,  u  ^  0 

u  +v  +1 


and  F(A,x,o,v)  =  0  for  all  (A,x,o,v)  e  D 


2  2 

For  any  (A,x,u,v)  e  Dq  with  /u  +v  >0  , 


_  /  2  2  U  /  2  2  V 

F(A,x,u,v)  =  F(A,x,Vu  +v  vu  +v  .  -■  —  —  ) 

/  2  2  /  2  2 

vu  +v  vu  +v 


-  2  2 

/  2  2  .  u  +v  -1,  .  u 

=  vu  +v  exp  (-  — — - — )  .  A  . 


2  2  , 
u  +v  +1 


/u2+v2 


=  <j)(/u2+v2)  .  F(A,x,  ■  U  — , 


v 


/  2  2  /  2  2 
vu  +v  vu  +v 


where 


/  2  2  /  2  2 
<j)(vu  +v  )  =  vu  +v  exp  (- 


2  2  , 
u  +y  -1 

2  2  _ 
u  +v  +1 


2  2 

Furthermore,  if  p  =  /u  +v  , 


2 

^  ^-P  ^  =  exp(-  1  )  for  all  0  <  p  <  +°° 

P  2  0.1 

P  +1 
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and  0  <  n  =  exp(-l)  <_  <_  exp(+l)  =  K  <  +» 

P 

p  e  (0,+»)  ,  with 


(P) 

P 


e  C' 


( 0 ,  +00) 


Consequently,  the  conditions  (A)-(E)  of  Theorem  3.1  are  satisfied. 

It  follows  from  the  conclusion  of  the  theorem  that  the  problem  (4.1), 

(4.2),  (4.3)  has  an  infinite  sequence  of  eigenvalues  with  +°°  as  an 

accumulation  point.  The  eigenfunctions  corresponding  to  the  eigenvalue 

A  have  exactly  m  zeros  in  (a,b) . 
m 

There  are  several  other  examples  which  serve  to  illustrate 
the  theory.  For  example: 

(1)  y"  +  Ay  =  0 

(2)  (P(x)y')  +  (Aq-r)y  =  0 

3 

(3)  y"  +  X  •  -r-2 - -  =  0 

y  +  (y ' ) 

with  appropriate  boundary  conditions 

ay  (a)  +  3y '  (a)  =  o 
yy  (b)  +  6y '  (b)  =0 


2  2 

a  +3  *  0 

2  2 

y  +6*0 


a,3/Y/6,  are  real  numbers. 

In  each  of  these  examples,  as  is  the  case  with  all  results 
published  to  date  for  problems  in  this  area,  F(A,x,u,v)  is  linear 
homogeneous  of  first  degree  in  (u,v)  ;  that  is,  F(A,x,pu,pv)  =  pF(A,x,u,v) 


i  oi  \nc 9a  rloirlw  alqe  >x©  *  +o  It^svae  9i&  eis 
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for  all  real  p  and  as  a  result  -P  ^  =  1  .  It  is  important  to  note 

P 

that  the  condition  specified  in  Assumption  (E)  is  less  restrictive  than 
the  homogeneity  condition  just  stated.  For  this  reason,  our  results 
are  applicable  to  a  wider  class  of  problems  than  the  class  for  which 
previous  results  are  valid.  Essentially,  the  condition  specified  in 
Assumption  (E)  is  a  particular  type  of  homogeneity,  it  states  that  we 
can  remove  only  a  particular  p  .  If  (A ,x ,u , v/P (x) )  e  Dq  where  P (x) 
and  Dq  are  defined  in  the  hypothesis  of  Theorem  3.1,  then  Assumption  (E) 
implies  that  for  p  =  /u  +v  >  0  , 


F  (A  ,x,u,v/P  (x)  )  =  F(A,x,/u2+v2  .  —  —  -,  /u2+v2  . 

/  2  2 
vu  +v 


V 


„  ,  .  /  2  2 
P (x)  /u  +v 


,  ,  /  2  2 ,  „ u 

=  4>(/u  +v  )  .  F(A,x,  —  — , 


v 


-)  . 


/  2  2  .  .  /  2  2 
vu  +v  P (x)  vu  +v 


The  examples  (1)  and  (2)  above  are  treated  in  many  standard 
texts  and  are  covered  by  the  results  in  the  survey  of  Chapter  2.  A 
treatment  of  example  (1)  which  is  a  special  case  of  (2)  when 
P (x)  El  ,  q (x)  E  1  ,  r(x)  =0  in  [a,b]  ,  appears  in  [8]  page  222. 

The  example  (2)  was  treated  by  Prufer  [5],  and  example  (3)  by  I.  Bihari  [6] 


;  •  j  < .  v)  1  =  '  \\  i  ,  A) 


•  $  ~  Do  vBvius  eitf  al  a:  o/an-x  ari^  y<*  baxevoo  •  bn..  «.J 
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